Abstract. We give an explicit solution of the ADHM recursion formula conjectured by Chuang, Diaconescu, and Pan. This solution is closely related to the formula for the Hodge polynomials of Higgs moduli spaces conjectured by Hausel and Rodriguez-Villegas. We solve also the twisted motivic ADHM recursion formula. As a byproduct we obtain a conjectural formula for the motives of twisted Higgs moduli spaces, which generalizes the conjecture of Hausel and Rodriguez-Villegas.
Introduction
The main goal of this paper is to solve the ADHM recursion formula conjectured by Chuang, Diaconescu, and Pan [3] . We will show that in the untwisted case solutions are given by expressions closely related to the Hausel-Rodriguez-Villegas polynomials [11, Conj. 5.6] , which are conjecturally the Hodge polynomials of the Higgs moduli spaces. This observation was made originally in [3] for small rank and genus. To provide a solution in the twisted case we generalize the conjecture of Hausel and Rodriguez-Villegas to the moduli spaces of twisted Higgs bundles (see Conjecture 3) and show that these new invariants give a solution of the ADHM recursion formula (see Theorem 4.6) .
The second goal of this paper is to understand the ADHM recursion formula in the framework of motivic Donaldson-Thomas invariants developed by Kontsevich and Soibelman [16] . Both the ADHM recursion formula and the conjecture of Hausel and Rodriguez-Villegas are formulated using the Hodge polynomials for ordinary cohomologies. These invariants are not of motivic nature, but we can use the Poincaré duality to formulate both conjectures in terms of E-polynomials, which are motivic invariants. The new conjectures can be formulated actually in terms of motives. The reason is that the main ingredient in the Hausel-RodriguezVillegas formula (as well as in the ADHM recursion formula) can be identified with the E-polynomial specialization of the zeta-function of a curve, see Remark 3.1. By taking the motivic zeta-function instead of this specialization, we obtain the motivic ADHM recursion formula (Conjecture 6) as well as the motivic version of the Hausel-Rodriguez-Villegas conjecture (Conjecture 2).
Motivic ADHM recursion formula that we formulate in Conjecture 6 can be considered as a wall-crossing formula for framed objects [21, Corollary 4.25] . But it is still conjectural because we don't have yet an integration map for ADHM sheaves, which is needed to apply the results from [21] . The original ADHM recursion formula [3] was motivated by the wall-crossing formula for the classical DonaldsonThomas invariants of the moduli spaces of ADHM sheaves [2, 6] .
Motivic ADHM recursion formula allows us to express the Higgs sheaf invariants (Section 4.3) in terms of the asymptotic ADHM invariants (Section 4.2). The later invariants were determined in [3] by string theoretic techniques. This formula is still conjectural from the mathematical point of view. We give its motivic generalization in Conjecture 4.
Finally, let us discuss those situations where Conjecture 3 on the motives of the moduli spaces of twisted Higgs bundles is known to be true. In the case of untwisted Higgs bundles it is a motivic version of the conjecture of Hausel and RodriguezVillegas which was verified in [11, 12] for rank 2 using the results of Hitchin [14] and for rank 3 and small genus using the results of Gothen [9] . Recently it was checked in [7] also for rank 4 and small genus. In the twisted case our conjecture was checked by Rayan [22] for genus 0, rank ≤ 5, and twisting parameter ≤ 4.
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Preliminaries

2.1.
Partitions. For any partition λ = (λ 1 , λ 2 , . . . ) (see e.g. [19] ) we define its diagram to be the set
The elements of the diagram λ are called boxes. For any box x = (i, j) ∈ d(λ), we define the arm, leg, and hook lengths of x by
where λ ′ denotes the conjugate partition. Define [19, 1.5 ]
One can easily show
2.2. λ-Rings. For the definition and basic properties of λ-rings see e.g. [8, 20] . Given a complete filtered λ-ring which is an algebra over Q, we define plethystic operators [20] Ψ :
We define plethystic exponential and plethystic logarithm
Given a λ-ring R which is an algebra over Q, we will endow the algebra R[[x 1 , . . . , x n ]] with a λ-ring structure by extending the Adams operators
2.3. Ring of motives. Let M = K 0 (CM C ) be the Grothendieck ring of effective Chow motives over C with rational coefficients. It is known that M is a (special) λ-ring [8, 13] .
To shorten the notation, we will often denote L 1 2 by y. The ring V still has a structure of a λ-ring, where we extend the Adams operations by
are invertible in M and V. For any algebraic variety X, we define its motivic zeta-function
It is known [13, 15, 18] that for a curve X of genus g
where P X (t) is a polynomial of degree 2g. Moreover,
2.4. E-polynomials. For any complex algebraic variety X, there is a mixed Hodge structure on the ordinary cohomology groups H * (X, Q) and on the compactly supported cohomology groups H * c (X, Q), see [5] . We define
. Define the mixed Hodge polynomial of X by the formula
Define the E-polynomial of X [4] by the formula
For example, for a curve X of genus g, we have
The map X → E(X) extends to a λ-ring homomorphism
, where the λ-ring structure on the right is given by
Applying the E-polynomial map to the motivic zeta-function Z X (t) we obtain
If X is a curve of genus g then
It is related to H
It is conjectured in [12, 4.2.3 ] that H ′ n (t, u, v) are polynomials and H ′ n (t, −u, −v) have nonnegative coefficients. Moreover, the Hodge polynomial for the ordinary cohomologies of the moduli space M(n, d) of stable Higgs bundles with coprime rank n and degree d on a curve X is given conjecturally [11, Conj. 5.6] by 
. This is proved in [12] for t = 1.
3.2. E-polynomials of Higgs moduli spaces. The conjectural polynomial H ′ n (1, u, v) describes the Hodge polynomial for ordinary cohomologies of the moduli space M(n, d) of Higgs bundles. In order to get the motivic invariants of M(n, d), we have to pass to the E-polynomial (i.e. to the Hodge polynomial for cohomologies with compact support). This is done by applying the Poincaré duality to the smooth variety M(n, d). The E-polynomial of M = M(n, d) should be equal to
Using equations (4) and (5) we can show that H n (t, u, v) satisfy the following equation
As we will see later (see Lemma 5.7), this equation implies that
is invariant under the change of variables t → 1/tuv. In particular
and therefore the E-polynomial of M should be equal to
We can reformulate now the conjecture of Hausel and Rodriguez-Villegas in terms of E-polynomials Conjecture 1. For any partition λ define
Then H n (t, u, v) are polynomials and we have
where M = M(n, d) is the moduli space of Higgs bundles having coprime rank n and degree d, and dim M = 2((g − 1)n 2 + 1).
Motives of Higgs moduli spaces.
In the previous section we have used the function Z H X (t, u, v) to formulate the conjecture. This function is an E-polynomial of the motivic zeta-function Z X (t) of the curve X. We can use this motivic zetafunction to formulate Conjecture 2. For any partition λ define
Define the functions H n (t) ∈ V((t)) by
Then H n (t) are polynomials in t and we have
Twisted Higgs bundles.
Let L be a line bundle on X of degree 2g − 2 + p, where p ≥ 0. An L-twisted Higgs bundle is a vector bundle E with a morphism
Higgs bundles of rank n and degree d. We are going to describe a conjectural formula for its motive in the case of coprime rank and degree. This formula can be specialized to the E-polynomial, Poincaré polynomial, y-genus, and Euler number of M(L, n, d) in the obvious way.
Conjecture 3. For any partition λ define
Define the functions H (p)
n (t) are polynomials in t and we have
) is the moduli space of twisted Higgs bundles having coprime rank n and degree d, and dim M = 2((g − 1)n 2 + p n 2 + 1).
Remark 3.6. Computer tests show that the degree of H (p)
We will see in Lemma 5.7 that 
should be a polynomial in t, where the polynomial P X (t) was defined in (1).
Remark 3.9. We can reformulate the last conjecture to get the Hodge polynomials for the twisted Higgs moduli spaces. The Hodge
Recursion formula
There are three ingredients in the ADHM recursion formula: recursion formula itself, asymptotic ADHM invariants, and Higgs sheaf invariants. We start with the second and third ingredients.
4.1. ADHM sheaves. We define an ADHM quiver Q to be the quiver with two vertices 1, * and four arrows
be a tuple of line bundles on a curve X associated to the arrows of Q. An M -twisted Q-sheaf on X (cf. [10] ) is a pair of sheaves (E, E * ) associated to the vertices of Q together with morphisms
We say that an
An ADHM sheaf is an M -twisted Q-sheaf E = (E, E * , Φ 1 , Φ 2 , φ, ψ) satisfying the ADHM relation such that E * ≃ V ⊗ O X for some vector space V . We will write an ADHM sheaf as a tuple E = (E, V, Φ 1 , Φ 2 , φ, ψ). We define
For any real number c ∈ R, we define the slope function
and then define the stability condition with respect to this slope function. Let M c (M, r, d, v) be the moduli space of semistable ADHM sheaves E such that
This moduli space does not change for c ≫ 0 and we will denote it by
is independent of c and will be denoted by M(M, r, d, 0) Given a line bundle L of degree 2g − 2 + p, where p ≥ 0, we define
The corresponding moduli space will be denoted by M c (L, r, d, v). We will be only interested in the ADHM sheaves E with v(E) = 0, 1. It is proved in [3] that 
are the (conjectural) motivic Donaldson-Thomas invariants of the moduli spaces M +∞ (L, r, d, 1) of ADHM sheaves. The conjectural formula for these invariants in the context of Hodge polynomials for ordinary cohomologies was given in [3, Eq. 1.12]. These polynomials are not motivic invariants, so we should pass to the E-polynomials. We will formulate actually a motivic version of this conjecture. In what follows we will use a new variable s = tL 1 2 . Note that the change of variables t → 1/tL corresponds to s → s −1 .
Conjecture 4. We have
where the function H (p) λ was defined by equation (7) and, for γ = (r, d), we define
Remark 4.1. Let us discuss the relation of this conjecture to the conjecture given in [3, Eq. 1.12]. For simplicity we will consider only the case p = 0. The invariants A ′ +∞,γ (u, v) defined in [3, Eq. 1.12] are based on the Hodge polynomials for ordinary cohomologies. They should satisfy
where the left sum runs over r ≥ 0, d ∈ Z, the right sum runs over all partitions λ, and Ω 
After passing from the Hodge polynomials for ordinary cohomologies to the Epolynomials, we get our formula. 
Higgs sheaf invariants. The motivic Higgs sheaf invariants
are defined by the formula (cf. [17, 21] )
The conjectural formula for these invariants in the context of Hodge polynomials for ordinary cohomologies was given in [3, Conj. 1.5]. We formulate a motivic version of this conjecture.
Conjecture 5.
Invariants Ω γ , γ = (r, d), are independent of degree and are given by the formula 4.4. Recursion formula. The recursion formula [3, Eq. 1.6] is a wall-crossing formula that relates the asymptotic ADHM invariants and the Higgs sheaf invariants.
For any µ ∈ R, we define
In the same way we define f >µ , f ≥µ , f <µ , and f ≤µ .
The following conjecture is a version of the ADHM recursion formula [3, Eq. 1.6] Conjecture 6. For any µ ∈ R, we have
where
and for any group homomorphism λ : Z 2 → Z we define the operator 
Our operator S λ has a useful property that it commutes with Exp. 
The recursion formula [3, Eq. 1.6] can be written in the form
Note that
and therefore
This implies
and one can see that formulas (12) and (13) are equivalent. This result was checked for rank r ≤ 3 and small g in [3] by explicit calculations. It follows from Remark 4.4 that the values Ω γ are uniquely determined by the recursion formula and the series A +∞ . Therefore to prove Theorem 4.6 we have to show that invariants given by Conjectures 4, 5 satisfy the recursion formula. We will prove a more general result Theorem 4.7. For any µ ∈ R we have
Solutions. The main result of this paper is the following
, where on the right side we first embed
] and then invert s.
Properties of the ADHM invariants
In this section we will prove Theorem 4.7. We will see that C >µ and C ≥−µ are contained in V(s)[[T ]] (we say that they are T -rational in this case) and satisfy
]. These facts imply that an analog of equation (14) holds in V(s) [[T ] ]. To prove Theorem 4.7 we will show that
We use the same notation as in the previous sections. We will denote H (p)
5.1. Properties of Higgs sheaf invariants. Recall from equation (11) that
where Ω(T ) := n≥1 Ω n T n .
whereas the coefficient of
Definition 5.3. We say that the series
Proof. We have (we use s = ty, as usual)
But it is clear that t (1 − t)(1 − tL) is invariant under the change of variables t → 1/tL that corresponds to the change of variables s → s −1 .
We can generalize the last lemma to an arbitrary slope. (17) implies
Proof. Recall that
The change of variable s → s −1 corresponds to the change of variables t → 1/tL. Therefore it is enough to show that
According to equation (7) we have
Denote the first product by f λ (t). Then one can easily see that f λ (1/tL) = f λ ′ (t). Therefore, we can assume that p = 0. Applying equation (2)
we obtain
Recall from Remark 3.6 that we have defined
where M = M(L, n, d) is the moduli space of twisted Higgs bundles. It follows from equation (9) that
Lemma 5.7. We have H n (t) = H n (1/tL).
Proof. We have seen in Remark 3.6 that
By Lemma 5.6 the left hand side of the above equation is invariant under the change of variables t → 1/tL. On the other hand the expression
is also invariant under this change of variables.
Proof of Theorem 4.7. It follows from equations (11) and (15) that
Therefore we have to prove that
It follows from the above discussion that the left hand side and the right hand side are equal as T -rational functions. The theorem will be proved if we will show that these rational functions are actually contained in the ring
. We have seen that
Therefore we just have to show that
It is enough to show this just for µ = 0 because the difference between Ω ′ >µ and Ω
. We have seen in Lemma 5.4 that
Therefore we have to show that
is a polynomial in s ±1 (or equivalently in t ±1 ) for every n ≥ 1. By our assumptions H n (t) is a polynomial in t ±1 and Ω n = H n (1). Therefore
is divisible by 1 − t. It follows from the invariance of H n (t) under the change of variables t → 1/tL that the above expression is also divisible by 1 − tL.
Examples
Conjecture 3 describes the motive of the moduli space M(L, n, d) of twisted Higgs bundles, where deg L = 2g − 2 + p, p ≥ 0 and n, d are coprime. In particular it says that the E-polynomial of M(L, n, d) should be equal to For p = 4 we have g,n (y) (as well as Hodge polynomials) for p = 0 and g ≥ 1 were conjectured by Hausel and Rodriguez-Villegas, see Section 3.1. These formulas were checked for n = 2 using the results of Hitchin [14] and for n = 3 and small g using the results of Gothen [9] . Recently this conjecture was also checked for n = 4 and small g in [7] .
For p = 1 we have
2,2 (y) = (1 + y) 4 
